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INTRODUCTION
The Choi-Williams distribution is applied to the time-frequency analysis of signals describing rapid magnetohydrodynamic modes and events in tokamak plasmas. Its effectiveness is demonstrated through a comparison with the spectrogram, which requires a compromise between time and frequency resolution; and with the Wigner distribution, which can give an unclear representation of the modes, masked by inconvenient artifacts. Examples of phenomena in the JET tokamak are shown, namely the onset of neoclassical tearing modes in discharges with ion cyclotron resonant heating, precursors of edge localized modes, and washboard modes.
THE SPECTROGRAM AND THE CHOI-WILLIAMS DISTRIBUTION
The discrete-time spectrogram of a sampled signal s(n) is the square of its short-time Fourier transform, that is, of the Fourier transform of the windowed signal s(m)h(n-m) [1] ,
(1) n = tf s = and θ = 2π ƒ/ƒ s being the sample number and the normalized frequency, respectively, written in terms of time t, frequency f, and the sampling frequency ƒ s . The window h(n) has length l, being zero except for (l-1)/2 ≤ n ≤1 + (l-1)/2. The time resolution of the spectrogram is here calculated as half the duration of the chosen window, that is, δt P = (l-1)/(2ƒs). Despite its widespread use, the spectrogram is notorious for implying a trade-off between time and frequency resolution [1] . Although the Wigner distribution [1, [2] [3] [4] overcomes this limitation, its application to signals with multiple components can be hindered by the presence of artifacts [5, 6] , which are easily recognizable by their oscillatory nature [5] . The Choi-Williams distribution [7] is a so-called reduced interference distribution [5] that, by varying a parameter, gradually decreases the magnitude of artifacts as they are spread throughout the time-frequency plane. It allows signals with multiple components to be analysed with better resolution than the spectrogram, while reducing the artifacts in the Wigner distribution. The discrete form of the Choi-Williams distribution is [7] .
(2) The parameter σ controls the level of artifacts and h τ (n) and h µ (n) are windows of length l τ and l µ , respectively. Unlike the spectrogram, windows play no fundamental role here, being required only because signals have limited durations, which implies that summations in τ and µ must be stopped somewhere. The function I(µ, τ; s) is given by (3) where it is assumed that exp(-ξ 2 τ 2 /ο) is negligible for ξ outside the range (π, +π). Aliasing, which
is intrinsic to CW (n,θ; σ) [7] , can be avoided by replacing s (n) with the corresponding analytic signal [1, [2] [3] [4] 7] , making it possible to deal with frequencies up to ƒ s /2. For large σ values, I(µ, τ; s); approaches ,δ µ,0 . So, in the σ → ∞ limit, CW (n,θ; σ) becomes the Wigner distribution, with optimal time-frequency resolution. Decreasing σ leads to a reduction of artifacts, along with some loss of resolution due to the longer range of the summation in µ allowed by I (µ,τ; σ). Still, such loss of resolution will not be significant provided σ is not made too low. Moreover, smearing in the time direction, due to the summation in µ, is effectively limited by the length of h µ (n), since only samples symmetrically placed around each n + µ, which is within a range (l µ -1)/(2ƒ s ), will be taken into account in the calculation of CW (n,θ; σ) at sample n. Notice that the summation in τ, symmetrical with respect to n, which exists in the Wigner distribution, implies no smearing at all -it in fact guarantees that the Wigner distribution is zero before a signal starts and after it ends [5] . So, the time resolution of CW (n,θ; σ) can be calculated as half the h µ (n) window duration, that is, δt CW = (l µ -1)/(2ƒ s ). This, however, is a maximum value for δt CW . For large enough σ it is not the length of h µ (n) that determines the resolution of CW (µ,τ; σ), but the range within which I (µ,τ; σ) significantly differs from zero. in regions where artifacts exist [7] , ± log[± CW (n,θ; σ)] >1 is represented for |CW (n,θ; σ)|, so that the argument of the logarithm is always positive. Spectrogram and h τ (n) windows are of the Hanning type, while h υ (n) windows are rectangular [1] .
RESULTS

Given its good time-frequency
ONSET OF NTM
MHD mode analysis using techniques based on the short-time Fourier transform shows that, for JET pulses with large neutral beam injection (NBI) powers, the (m = 3, n = 2) NTM typically starts a few tenths of milliseconds before a sawtooth crash [8] [9] [10] . However, it has not been possible to resolve the time of the NTM onset with respect to the sawtooth in low bN discharges with low NBI (less than 5 MW) and ion cyclotron resonance heating (ICRH), giving the impression that in these cases with low plasma rotation, the NTM started with, or after the sawtooth crash [9, 11] . A magnetic pickupcoil signal, containing information on a sawtooth crash occurring during the L-mode phase of a discharge with combined NBI and ICRH heating (P NBI = 3MW plus P ICRH = 1.5MW), is here analysed with the spectrogram and the Choi-Williams distribution. The sawtooth period is 680 ms. In figure 1 the sawtooth crash appears as a broadband event at 20.6095s, along with several MHD modes that show as different signal components. It is seen in figure 1 (a) that for l = 1023 the spectrogram has a reasonable frequency resolution, which allows modes to be identified. On the other hand, the time resolution, dt P = 2ms, is not so good, causing the region around the crash to appear blurred. The crash and the modes that show afterwards seem to appear at the same time. However, it is impossible to tell, with a time resolution better than 2ms, if such modes appeared simultaneously with, shortly after, or already existed briefly before the sawtooth crash. Narrowing the window would improve the time resolution, but the inevitable broadening of the modes in the frequency direction would make them unrecognizable. Figure 1(b) depicts the Choi-Williams distribution for a high value of σ, that is, essentially the Wigner distribution. The time resolution, σt CW = 0.1ms, is considerably better than δt P , the modes and the sawtooth crash being sharply represented. Looking at figure 1(b) , it can be said, with much greater certainty than with the spectrogram, that the (m = 3, n = 2) NTM, which appears at 5 kHz, starts simultaneously with the sawtooth. In addition, unlike the higher β N , NBI heated pulses [8] [9] [10] , no growing sawtooth precursor can be identified before the crash. Artifacts appearing in-between every pair of signal components make the picture unclear in some places, some of those artifacts being superposed on the higher-frequency modes. Since the magnitude of artifacts is proportional to the product of the interfering components [5, 7] , lower amplitude modes may be masked by artifacts that result from the interference of such modes with the higher-amplitude ones, which explains why the higher-frequency modes, with lower amplitudes, are less visible. The result of using a lower σ is seen in figure 1(c) , where the higher-frequency modes can now be clearly seen, thanks to the reduction of artifacts, although now the time resolution is only δt CW = 1ms because a longer h µ (n) window has been used.
ELM PRECURSORS
Figure 2(a) shows an electron cyclotron emission (ECE) signal in which, in conjunction with the Da signal that is also shown, it is possible to identify an ELM precursor [12] with frequency around 50 kHz. As the precursor only lasts about 0.2 ms, the spectrogram in unable to resolve it. As seen in figure 2(b), done with a time resolution of δt P 0.25ms, just about the expected duration of the precursor, the frequency resolution of the spectrogram is already insufficient to yield a clear picture.
The result of applying the Choi-Williams distribution to this signal can be seen in figure 2(c) . The time resolution is = CW t d 0.1ms. The precursor is clearly shown at 50kHz, and other low frequency modes that exist in the signal can be seen as well.
WASHBOARD MODES
WB modes have been seen to interact with ELM precursors, in a way suggesting that both phenomena cannot happen at the same time [13, 14] . Time-frequency mode-number plots, which, like the spectrogram, are based on short-time Fourier analysis, have been presented to demonstrate this behaviour [13, 14] . In such plots, WB modes are seen as several broad frequency bands of magnetic fluctuations, not having well-defined frequencies. Here, a magnetic signal is analysed where it is possible to see this interaction between a type-I ELM precursor at 15kHz and WB modes between 25kHz and 50 kHz [13, 14] . Signal components below 13kHz have been removed by filtering to provide clearer pictures. Figure 3 (a) shows a spectrogram with time resolution δt P =5ms, which allows seeing the intermittent ELM precursors and WB modes. Although the alternating appearance of the two mode types can be seen with the spectrogram, the trade-off between time and frequency resolution limits the sharpness of the time-frequency representation. A clearer time-frequency picture is achieved with the Choi-Williams distribution, as shown in figure 3(b) , where a better frequency resolution is achieved with the same time resolution of the above spectrogram, δt CW = 5ms.
CONCLUSIONS.
The Choi-Williams distribution has been used to process fusion plasma signals that have also been analysed using 
